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UV renormalons in QCD and their phenomenological implications .∗
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I report on some recent work done in collaboration with E. de Rafael on the connection between ultraviolet
renormalons in QCD and Nambu-Jona-Lasinio-like Lagrangians as its effective description at low energies.
In a superconductor [1], let us denote by V the
lowest order amplitude for two electrons to scatter
off each other through the exchange of a phonon
(V is a negative number). We shall assume both
electrons are outside but very close to the Fermi
sphere and we shall approximate V to be a con-
stant. One can see that the total amplitude for
this scattering process is actually an infinite sum
T ≈ V
(
1 + γV + γ2V 2 + ...
)
(1)
where γ ∼ κ−1 log(E/ω), with κ > 0 a constant
depending on the metal, ω a parameter describ-
ing the effective interaction range (in momentum
space) and E is the total energy of the electron
pair. Under normal conditions γV is small and
the above series can be truncated after the first-
few terms. However, when E is very small more
and more terms become important and one has
to consider the resummation of the series (1):
T =
V
1− γV
. (2)
This matrix element has a pole at
E = ωe−κ/|V | , (3)
clearly something goes wrong with our pertur-
bative description when the energy reaches the
value of eq. (3). Of course what goes wrong is
that Cooper pairs form and the phenomenon of
superconductivity takes place. The dependence
of the energy on the strength of the interaction
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(i.e. V ) takes a nonanalytic form such as eq. (3).
This is not surprising physically, one should not
have expected to be able to describe a nonpertur-
bative effect like the formation of Cooper pairs
just by analytically continuing in the strength of
the interaction V starting from the perturbative
regime (eqs. (1-3)). This is an example of how
perturbation theory may signal the existence of
nonperturbative effects.
With an ordinary superconductor this is of
course not the end of the story. One can go a long
way beyond eqs. (2,3) by applying the machin-
ery of the Bogoliubov transformation to actually
solve the quantum-mechanical system, describe
its excitations and so on. The reason is of course
because the phenomenon of superconductivity is
a rather well-understood one.
How about QCD ? Regretfully it is very clear
that QCD is much more difficult as a nonpertur-
bative theory. But perhaps the previous example
may make us harbor some hope that studying the
analytic properties of the perturbative series may
shed some light on some aspects of the nonper-
turbative dynamics. Therefore, in this sense, one
may ask:
are there specific perturbative signatures of chi-
ral symmetry breaking ? [2]
To try to answer this question, let us adopt one
simplification right from the start and take the
large-Nc limit of massless QCD [10]. This limit
presumably captures all the important ingredi-
ents of the full QCD and in particular allows a
proof of chiral symmetry breaking [11].
We shall study a concrete example: let A(Q2)
2be the Adler function defined by (Q2 ≡ −q2, with
Q2 > 0 for q2–spacelike)
A(Q2) ≡ −Q2
∂Π
∂Q2
. (4)
where
Πµν(q) = i
∫
d4xeiq·x〈0 | T {V µ(x)V ν(0)} | 0〉
= −
(
gµνq2 − qµqν
)
Π(q2) (5)
with
V µ =
1
2
(: u¯γµu : − : d¯γµd :) (6)
the vector-isovector quark current. Within the
context of QED, it was recognized long ago by
’t Hooft [12] and Lautrup [13] that the exchange
of the effective charge, i.e. an infinite string of
“vacuum polarization insertions” [3] is responsi-
ble for an n! behavior of the n-th coefficient in
the perturbative expansion in the coupling con-
stant when n is very large. A series of this sort
has zero radius of convergence and as such can
not be resummed (i.e. analytically continued in
the coupling constant).
For a nonabelian theory like QCD the explicit
construction of the corresponding effective charge
is of course much more difficult. However it can
be worked out [14] with the use of what is called
the pinch technique [15] with properties com-
pletely analogous to those of the QED one[16].
In particular one also reproduces the full first co-
efficient of the β function. This is an important
ingredient when trying to understand chiral sym-
metry breaking since the β function is the only
seed of scale symmetry breaking in perturbation
theory and, clearly, chiral symmetry breaking is
intimately linked to the appearance of scales in
QCD.
In the particular case of the Adler function in
QCD suffice it to say that when the euclidean vir-
tual momentum going through the internal glu-
onic bubble chain kE is much smaller than the
large external momentum Q one can approxi-
mate:
A(Q2)|IR ≈
Nc
16pi2
CF
1
2pib0∫ ∞
0
dw e
− w
b0α(Q
2)
w
2− w
(7)
where the change of variables
w/2 = −b0α(Q
2) log k2E/Q
2 , (8)
has been made. Here b0 > 0 is the first coef-
ficient of the QCD β function. Equation (7) is
already written in the form of a Borel transform
[17]. One can obtain the perturbative series in
α(Q2) from (7) by expanding the fraction in pow-
ers of w. Upon integration this produces an n!
growth of the perturbative coefficients that yields
a divergent series. The fraction w/2−w in eq. (7)
is obtained after analytically continuing in the w
plane for w complex. This can be considered as a
resummation of the perturbative series in α(Q2)
insofar as the integral exists.
But the integral in eq. (7) does not exist. The
integrand has a pole at w = 2. This pole is called
an infrared renormalon and it can be traced back
to a singularity at the Landau pole in momentum
space, ΛL [4]. We are in a similar situation as in
eq. (2). If perturbation theory were the whole
story eq. (7) would imply that A(Q2) is ambigu-
ous, a most disastrous conclusion for a physical
observable ! Of course perturbation theory is not
the whole story and it is only when nonperturba-
tive contributions are added to the perturbative
contributions to eq. (4) that the final answer for
A(Q2) is physical and unambiguous [18]. But just
as we did in our initial example of the supercon-
ducting metal we can use perturbation theory for
guessing what sort of nonperturbative contribu-
tions we are missing in eq. (7) by parametrizing
its ambiguity. This can be done simply by choos-
ing the integration contour from above or from
below the singularity at w = 2,
δA(Q2)|IR ∼ e
−2/b0α(Q) ∼
(
ΛL
Q
)4
, (9)
where the one-loop running coupling constant has
been used in the last step[5]. Equation (9) sug-
gests the existence of a nonperturbative contribu-
tion behaving like Q−4 at large Q2. This is how
perturbation theory hints at the gluon conden-
sate.
Let us go back to the Adler function and con-
sider now the contribution in the regime where
3k2E >> Q
2. One finds
A(Q2)|UV ≈
Nc
16pi2
CF
4
9
1
2pib0∫ ∞
0
dw e
− w
b0α(Q
2)
1
(1 + w)2
(10)
with w = b0α(Q
2) log k2E/Q
2. The singularity
in the w plane is now at w = −1 and conse-
quently the integral can be carried out. This
singularity is called an ultraviolet renormalon.
Equation (10) could then be considered a re-
summation of the perturbative series that is ob-
tained by expanding the fraction in powers of the
variable w. This produces the alternating se-
ries ∼ Nc(−1)
n(b0α(Q
2))nn! . Unlike the case
of the infrared renormalon, perturbation theory
does not send any signal about the existence of
nonperturbative contributions in the form of an
ambiguity caused by a singularity in the integra-
tion region[6].
However, as Vainshtein and Zakharov [20]
first noticed, the contribution from two bubble
chains[7] actually dominates the asymptotics of
the perturbative coefficients in α over the contri-
bution coming from just one chain, eq. (10). The
way to understand this is as follows: the vacuum
polarization tensor (5) verifies
Πµν(q) vµvν =
−i
2
∫
k2
E
≥Q2
d4k
(2pi)4
4piα(k2E)
k2
〈v |
T
k2
| v〉 (11)
where v is taken as an external field coupled to
the isospin current and
T ≡ i k2
∫
d4x eik·x T
{
: q¯(x)γµ
λa
2
q(x) :
: q¯(0)γµ
λa
2
q(0) :
}
, (12)
where λa are the Gell-Mann matrices in color
space. The crucial observation of V-Z is that T
admits an operator product expansion at large k2
whose first physically relevant terms start at di-
mension six (Fµν(x)
ext below is the field strength
of the field v):
T ≈ Nc
c1(k
2)
k2
q¯(0) γµ DαF extαµ (0) q(0)
+
cV2 (k
2)
k2

∑
a,b
| q¯aLγ
µqbL |
2 +(L→ R)


+
cS2 (k
2)
k2

∑
a,b
(q¯aLq
b
R) (q¯
b
Rq
a
L)


+ Nc
c3(k
2)
k2
fABCG
A
µνG
νB
ρ G
ρµC + ... , (13)
where the ellipses stand for dimension-eight oper-
ators and higher. The contribution of one chain
yields c1 = 2/3, c
V
2 = c
S
2 = c3 = 0. At the level of
two chains, one has c1 = 0, c
V
2 = 2Ncpiα(k
2), cS2 =
−32Ncpiα(k
2), c3 = 0[21][8]. As one considers di-
agrams with chains of an increasing complexity
one will find that the coefficients ci in the OPE
have themselves an expansion in powers of α(k2).
Computing the matrix element 〈v | T | v〉
in eq. (11) to get to A(Q2) in eq. (4) is tan-
tamount to computing the mixing of the op-
erators (13) into the operator (∂µF
µν
ext)
2. We
are only interested in this mixing at one loop
since this order resums equal powers of the log-
arithms and the coupling constant α(Q2), i.e.
terms of the form
[
α(Q2) log k2/Q2
]n
which are
leading contributions to the asymptotics ∼ αnn!
since every power of log is eventually trans-
formed into a power of n. Considering the mix-
ing only at one loop, the triple gluon opera-
tor fABCG
A
µνG
νB
ρ G
ρµC drops out of the problem
since it does not mix with the operators of eq.
(13) nor with (∂µF
µν
ext)
2 [22]. For simplicity of
presentation I will also ignore the presence of the
anomalous dimension matrix. This will change
nothing of the physics I am discussing and, if need
be, it can always be taken into account [23].
The final contribution to the Adler function can
be calculated through eq. (11) and turns out to be
dominated by the vector-like four-quark operator,
whose coefficient is cV2 in eq. (13), and yields
A(Q2) |two chainsUV =
2
9
Nc
16pi2
(
Nc
2
1
2pib0
)2
∫ ∞
0
dw e
− w
b0α(Q
2)
w
(1 + w)3
, (14)
which in perturbation theory means an asymp-
totic behavior ∼ Nc(−1)
n(b0α(Q
2))n(n + 1)! .
Diagrams with an increasing complexity multiply
4the result (14) by a factor χ whose value is be-
yond any known approximation scheme, presum-
ably involving an infinite-number-of-loops calcu-
lation. I would like to stress here that the fact
that a four-quark operator is the one that domi-
nates is true not only for the vector channel and
the Adler function but also for the scalar channel
and its corresponding associated function (and
also for the axial-vector and pseudoscalar respec-
tively)[21].
It is of course natural to try to associate this
four-quark operators with some sort of an effec-
tive Nambu-Jona-Lasinio (NJL) Lagrangian [24]
[20]. However two obvious difficulties are immedi-
ately encountered. Firstly a NJL-like Lagrangian,
being a Lagrangian, has to be local which in turn
requires a scale to appear in the denominator
of the dimension-six four-quark operators of eq.
(13) instead of the floating virtual momentum k2.
Secondly, a NJL type of Lagrangian can make
sense only as an effective description at low ener-
gies, whereas up to now all momenta k2 and Q2
have been considered to be large. As we shall see
the above two points are actually related.
What does this mean ? Let us look at the same
calculations but now in the low-energy regime,
i.e. when Q2 → 0. The contribution to the Adler
function from the diagram with two chains is then
A(Q2) ∼ N3c Q
2∫ ∞
Q2
dk2E
k4E
[
α(k2E)
]2
log2
k2E
Q2
. (15)
Using the previous change of variable w =
b0α(Q
2) log k2E/Q
2 where now α(Q2) is defined
as[9]
α(Q2) ≡
α(µ2)(
1 + b0α(µ2) log(Q2/µ2)
) (16)
for the entire range of its argument Q2 (so that
for instance α(Q2) < 0 if Q2 < Λ2L) one finds
A(Q2) ∼
Nc
b0 | α(Q2) |∫ ∞
0
dw e
− w
b0|α(Q
2)|
w2
(1− w)2
. (17)
Unlike in the usual case (Q2 > Λ2L), now
(Q2 < Λ2L) we find a pole in the integration region
for the contribution of the ultraviolet renormalon.
Contributions from more complex diagrams will
introduce a multiplicative factor in front of eq.
(17). This singularity causes the integral to be
ambiguous. This ambiguity can be parametrized
as
δA(Q2)Q2<Λ2
L
= − K
Nc
16pi2
(
Nc
2
1
2pib0
)2
Q2
Λ2L
(
1
9
log2
Λ2L
Q2
+ ...
)
, (18)
with K an unknown constant. This ambigu-
ity is of the same form as the insertion of the
dimension-six operator
OV = −
8pi2GV
NcΛ2χ∑
a,b=flavour
[
(q¯aLγ
µqbL) (q¯
b
Lγµq
a
L) + (L→ R)
]
(19)
provided one interprets Λ2L as the momentum
cutoff in the loops, Λχ ≃ ΛL and one identi-
fies 4GV ≡ −K
(
1
2pib0
Nc
2
)2
. This is precisely
one of the four-quark operators appearing in the
extended Nambu-Jona-Lasinio model [25] . Re-
peating the same analysis for the pseudoscalar
two-point function will lead to the other four-
quark operator of this model. These two are the
four-quark operators we already encountered in
eq. (13) but now they are truly local operators,
i.e. they have a true constant in the denomina-
tor, not the virtual floating momentum k2 as in
eq. (13). Therefore they can be considered as
an honest to goodness interaction in an effective
local Lagrangian.
The ENJL model has proven itself very success-
ful in predicting the low-energy chiral Lagrangian
of Gasser and Leutwyler[26] but its possible con-
nection with QCD has remained very elusive so
far. Renormalons suggest a, in my opinion, very
remarkable connection between perturbation the-
ory in QCD and ENJL, and answer with a “yes”
the question posed at the beginning since it is the
same four-quark operators that are responsible
for i) the asymptotic behavior of the perturbative
series of two-point functions in QCD and ii) for
the breakdown of chiral symmetry. Although this
5does not constitute a proof, it may be considered
unlikely that it be a pure coincidence.
Returning to my initial example, it is interest-
ing how also superconductivity is the effect of a
four-fermion operator turning relevant at low en-
ergies [27]. At the very least I think one can take
these considerations as some intriguing evidence
in favor of ENJL as an effective description of
QCD in the low-energy regime.
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6Discussions
A. Di Giacomo, Pisa.
In studying field correlators on the lattice (talk
by M. D’Elia), the UV cutoff can be changed and
moved towards the IR one by the “cooling” tech-
nique. Can your analysis help in disentangling
the contribution of renormalons to the gluon con-
densate by looking at the cutoff dependence of the
data ?
S. Peris
Given my present understanding I don’t quite
see how. Four-quark operators either in the form
of eq. (13) or eq. (19) are always related to UV
renormalons, i.e. to the regime where the vir-
tual gluon momentum kE is much larger than the
external momentum Q. However, the gluon con-
densate is related to IR renormalons, i.e. to the
opposite situation Q >> kE.
